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1. Introduction 

In the Laboratory of Biomedical Physics (BIMEF), we are –among other things– 

interested in the mechanical behaviour of biological structures. Examples are the 

motion and deformation of the mammalian tympanic membrane, stress analysis in 

various evolutionary adapted bird beaks and the mechanical behaviour of blood 

vessels during blood transport. 

The physical theory that describes the phenomena of internal forces (stress) and 

deformations (strain) is called elasticity theory. It establishes a mathematical model 

that allows solving various mechanical problems. 

The equations describing elastic behaviour can be solved using finite element 

modelling. This is a numerical technique that gives approximate solutions. The finite 

element method becomes very useful when exact analytical solutions of a problem 

cannot be found. 

In this short guide, a brief introduction with useful references to the theory of 

elasticity and the theory of finite element modelling is given. Furthermore the finite 

element software that we use in our laboratory, called FEBio (Finite Elements for 

Biomechanics), is introduced. The references are attached in order of appearance at 

the end of this document. 

2. Theory of Elasticity 

The concept of the elastic force-deformation relation was first proposed by Robert 

Hooke in 1678. However, the major formulation of the mathematical theory of 

elasticity was not developed until the 19
th

 century. 

As a result of applied loadings, elastic solids will change shape or deform. An elastic 

solid is said to be deformed or strained when the relative displacements between 

points in the body are changed. This is in contrast to rigid body motion, where the 

distance between points remains the same. The work done by the applied loadings is 

stored inside the body in the form of strain energy. For an idealized body, this stored 

energy is completely recoverable when the solid is returned to its original 

configuration. 

This section is divided in two parts. Section 2.1 introduces linear elasticity theory, 

which is valid as long as the deformations are small. In many problems, however, 

deformations become large and non-linear models should be considered. The theory 

of non-linear solid mechanics is introduced in section 2.2.  

2.1 Linear elastic materials 

The development of the basic field equations of elasticity theory begins with a 

description of the kinematics of material deformation. When the shape of an elastic 

body changes, this deformation can be quantified by knowing the displacements of all 

material points in the body. The description of the deformation of an infinitesimal part 

in the continuum leads to the development of the strain tensor. When the deformations 

are small, i.e. in the case that linear elasticity can be used, the small strain tensor is a 

good descriptor. The small strain tensor is introduced in Appendix A (2.1-2.2). 
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When a structure is subjected to applied external loadings, internal forces are 

introduced in the body. These internal forces are distributed continuously within the 

continuum. The Cauchy stress tensor describes the internal forces per unit area and is 

introduced in Appendix B (3.1-3.2). 

Up till now, we have not considered specific material response. We only introduced 

descriptions for deformations and internal forces. However, it is to be expected that 

steel will for example behave stiffer than aluminum. To conclude this section, a 

particular material model that provides reasonable characterization of materials under 

small deformations is specialized: the linear elastic material, see Appendix C (4.1-

4.3). In linear elasticity theory the fourth order elasticity tensor C linearly relates the 

small strain tensor ε and the stress tensor σ as follows: σ = C : ε (index notation: σij = 
C ijkl . ε kl). When the material is isotropic, only two independent elastic constants are 

needed to describe the behaviour: Young’s modulus E and Poisson’s ratio .   

The easiest way to experimentally characterize materials is performing a uniaxial 

tension test in which a cylindrical or flat sample is loaded axially. The axial strain in 

this case is the relative change in length, the stress is the measured force divided by 

the cross-sectional area. For a linear material, the relationship between uniaxial strain 

and stress is linear. This is for example true for steel under small deformations, typical 

up till 1%. 

2.2 Non-linear solid mechanics 

Performing a uniaxial tension test on a rubber sample, let’s say up till 100%, one will 

see that the stress-strain curve is highly non-linear. This is an example of a situation 

where non-linear continuum mechanics must be used. 

Two sources of non-linearity exist in the analysis of solid continua, namely material 

and geometric non-linearity. The former occurs when, for whatever reason, the stress-

strain behaviour is non-linear. The latter is important when changes in geometry have 

an effect on the load deformation behaviour. 

For large –also denoted with finite– deformations (in contrast to small deformations), 

the undeformed and deformed configurations can be significantly different and a 

distinction between these two configurations must be maintained. This gives rise to 

another description of strain as compared to linear elasticity. 

A key quantity in finite deformation analysis is the deformation gradient F, which is 

central to the description of (large deformation) strain. Consider the deformation of an 

object when it moves from the initial or reference configuration (denoted with 

material coordinates X) to the current configuration (denoted with spatial coordinates 

x). The deformation map ϕ maps the coordinates of a material point to the spatial 

configuration: x=ϕ(X). The deformation gradient tensor is now defined as
X

F






, 

and relates an infinitesimal vector in the reference configuration dX to the 

corresponding vector in the current configuration dx = F⋅dX. In order to define a 

strain measure, we first introduce the right Cauchy-Green deformation tensor as 

follows: C=F
T
F. This tensor can now be used to define an appropriate strain measure 

in the material configuration, the Green-Lagrange strain tensor: )(
2

1
ICE  , with I 

the identity tensor. A thorough and mathematical description of the previous matter is 

given in Appendix D (3.1-3.5). It is however noted that this may be –in the scope of 

the student’s work– too exhaustive.  
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In section 2.1 about linear elasticity we defined the Cauchy stress tensor (σ), which is 

a spatial tensor since it is described in the current configuration. Since the Green-

Lagrange strain tensor is defined in material coordinates, we need a material stress 

measure associated with the initial configuration of the body. This leads to the second 

Piola-Kirchhoff stress tensor, given as S = JF
-1

σF
-T

 (J = determinant of deformation 

gradient tensor). In Appendix E (4.1-4.5), more info can be found. Again, this may be 

too exhaustive. 

We now arrive at the point in which we want to find expressions that correlate stress 

and strain. These expressions, known as constitutive equations, obviously depend on 

the type of material. For example classical small strain elasticity involved a Young’s 

modulus and a Poisson’s ratio and related stress and strain linearly. To allow a more 

general behaviour, we now show the concept of a hyperelastic material whereby 

stresses are derived from a stored elastic energy function.  

When the work done by the stresses during a deformation process is dependent only 

on the initial state and the final configuration, the behaviour of the material is termed 

hyperelastic. As a consequence a stored energy function or elastic potential per unit 

undeformed volume can be established which is only dependent of the current 

deformation gradient, so that we have for the energy density function: Ψ(F(X), X). 

The dependency upon X allows for possible inhomogeneity. For convenience, Ψ is 

often expressed as a function of C=F
T
F, thus Ψ(C(X), X).  

For the very important case of isotropic materials, it is required that the constitutive 

behaviour is independent of the material axes chosen. In general, the components of a 

second-order tensor will change when the axes are rotated. The invariants of a 

second-order tensor however remain unaltered under such transformations. 

Consequently, for isotropic materials Ψ must only be a function of the invariants of 

C. The invariants, denoted I1, I2, I3, are given as I1 = tr C, I2 = ½[(tr C)
2
-tr C

2
], I3 = 

det C. For isotropic materials we hence write Ψ(I1, I2, I3, X).  

A material is considered incompressible if it shows no change in volume during 

deformation. Rubber materials show for example nearly-incompressible behaviour 

under typical, non-hydrostatic loadings. Incompressibility means that J = 1 (no 

volume change) holds throughout the entire body. When one wants to model 

incompressible behaviour, it is useful to separate the volumetric and the deviatoric 

(distortional) components of the deformation gradient. Using this separation, the 

energy density function Ψ can be given as Ψ(C) = Ψ(Ĉ) + U(J). In this equation, 

Ψ(Ĉ)  is the distortional component of the energy function in which no volumetric 

effects are included. U(J) represents the volumetric energy component. An example 

for U that is used in the following definitions of constitutive models is  

U(J) = ½ (lnJ)
2
.  represents the bulk modulus, a high value of it will enforce 

incompressibility since it will enforce J = 1. A detailed description about 

hyperelasticity can be found in Appendix F.  

We end this section by giving two frequently used hyperelastic materials: the 

Mooney-Rivlin and the Ogden material. The Mooney-Rivlin material is given as:  

,)(ln
2

1
)3()3( 2

201110 JICIC   

with C10 and C01 the Mooney-Rivlin material constants that specify material 

behaviour.  
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Another commonly used hyperelastic material was proposed by Ogden. His energy 

density function is given in terms of the eigenvalues of the deviatoric part of the right 

Cauchy-Green deformation tensor (1,2,3) which are also independent of the 

chosen material axes: 

 

.)(ln
2

1
)3( 2

321

1

Jiii

N

i i

i 


 
 



 

i and i are the material constants, N is the order of the model.  

3. Finite element modelling 

The finite element method has been developed over the last 40 years into a popular 

technique for solving a number of significant problems in engineering and physics. 

For mechanical problems, it will predict displacements and stresses.   

The method dicretizes the domain under study, i.e. the material geometry, by dividing 

the region into subdomains called elements. This process is called meshing. Within 

each element, an approximate solution is developed, and this is quantified at particular 

locations called nodes. Then, based on system connectivity the elements are 

assembled and boundary conditions are applied. This results in an algebraic set of –in 

general non-linear– equations which can be solved, usually with the Newton-Raphson 

iterative technique. Because the element size can be varied, the method can accurately 

simulate problems of complex geometry and loadings. 

Generally, the finite element formulation is established in terms of a weak 

(variational) form of the differential equations under consideration. In the context of 

solid mechanics this implies the use of the virtual work equation. This equation states 

that the sum of the work done by applied forces and the internal energy for virtual 

displacements is zero. This is a variational approach to find the minimum of the total 

potential energy. In a dynamic (time-dependent) analysis, the inertial effects are also 

included in the equations. This is important when modelling dynamic loadings, e.g. 

deformation of the tympanic membrane under acoustic frequencies. 

In Appendix G the finite element formulas derivations are given for two-dimensional, 

linear isotropic elastostatic problems. For general, three-dimensional non-linear time-

dependent problems, the theory is more exhaustive and not given here. However, the 

limited case in Appendix G will give useful insight in the procedure. 

4. FEBio 

FEBio (Finite Elements for Biomechanics) is a non-linear finite element solver that is 

specifically designed for biomechanical applications. It offers modelling scenarios, 

constitutive models and boundary conditions that are relevant to many research areas 

in biomechanics. 

FEBio supports two analysis types, namely quasi-static and dynamic. In a quasi-static 

analysis, the (quasi-) static response of the system is sought and the effects of inertia 

are ignored. In a dynamic analysis, the inertial effects are included in the governing 

equations to calculate the time dependent response of the system. 

FEBio runs on several different computing platforms including Windows XP, 

Mac OSX and most versions of Linux. FEBio is started from a shell window (also 

known as the command prompt in Windows). The name of an input file (.feb) has to 

be specified in the command line. 
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FEBio does not have mesh generation capabilities. Therefore the input files need to be 

generated by pre-processing software. The pre-processor associated with FEBio is 

called PreView. 

After running FEBio, two files are created: the log file (.log) and the plot file (.plt). 

The log file is a text file that contains the screen output that was generated during a 

run.The user can request FEBio to output additional data in the log file. This is very 

useful to extract nodal positions, forces … The plot file contains the results of the 

analysis. Since this is a binary file, the results must be analyzed using the post 

processing software PostView. 

FEBio and the related PreView and PostView software packages can be downloaded 

at the following link: http://mrl.sci.utah.edu/software. First create an account, next 

you can start downloading. The user’s manuals of FEBio, PreView and PostView 

provide a good basis to become familiar with the software package. The PreView 

user’s manual shows some easy problems to start with. They are also available for 

download at the website. 

5. Appendices 

 Appendix A – Deformation: Displacements and Strains 

From: Elasticity. Theory, Applications and Numerics – Martin H. Sadd 

 

 Appendix B – Stress and Equilibrium 

From: Elasticity. Theory, Applications and Numerics – Martin H. Sadd 

 

 Appendix C – Material Behaviour – Linear Elastic Solids 

From: Elasticity. Theory, Applications and Numerics – Martin H. Sadd 

 

 Appendix D – Kinematics 

From: Nonlinear continuum mechanics for finite element analysis - Bonet and 

Wood 

 

 Appendix E – Stress and Equilibrium 

From: Nonlinear continuum mechanics for finite element analysis - Bonet and 

Wood 

 

 Appendix F – Hyperelasticity 

From: Nonlinear continuum mechanics for finite element analysis - Bonet and 

Wood 

 

 Appendix G – Stress and Equilibrium 

From: Elasticity. Theory, Applications and Numerics – Martin H. Sadd 
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2 Deformation: Displacements and Strains

We begin development of the basic field equations of elasticity theory by first investigating the

kinematics of material deformation. As a result of applied loadings, elastic solids will change

shape or deform, and these deformations can be quantified by knowing the displacements of

material points in the body. The continuum hypothesis establishes a displacement field at all

points within the elastic solid. Using appropriate geometry, particular measures of deformation

can be constructed leading to the development of the strain tensor. As expected, the strain

components are related to the displacement field. The purpose of this chapter is to introduce the

basic definitions of displacement and strain, establish relations between these two field

quantities, and finally investigate requirements to ensure single-valued, continuous displace-

ment fields. As appropriate for linear elasticity, these kinematical results are developed under

the conditions of small deformation theory. Developments in this chapter lead to two funda-

mental sets of field equations: the strain-displacement relations and the compatibility equa-

tions. Further field equation development, including internal force and stress distribution,

equilibrium and elastic constitutive behavior, occurs in subsequent chapters.

2.1 General Deformations

Under the application of external loading, elastic solids deform. A simple two-dimensional

cantilever beam example is shown in Figure 2-1. The undeformed configuration is taken with

the rectangular beam in the vertical position, and the end loading displaces material points to

the deformed shape as shown. As is typical in most problems, the deformation varies from

point to point and is thus said to be nonhomogenous. A superimposed square mesh is shown in

the two configurations, and this indicates how elements within the material deform locally. It is

apparent that elements within the mesh undergo extensional and shearing deformation. An

elastic solid is said to be deformed or strained when the relative displacements between points

in the body are changed. This is in contrast to rigid-body motion where the distance between

points remains the same.

In order to quantify deformation, consider the general example shown in Figure 2-2. In the

undeformed configuration, we identify two neighboring material points Po and P connected with

the relative position vector r as shown. Through a general deformation, these points are mapped

to locations P0o and P0 in the deformed configuration. For finite or large deformation theory, the

27
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undeformed and deformed configurations can be significantly different, and a distinction

between these two configurations must be maintained leading to Lagrangian and Eulerian

descriptions; see, for example, Malvern (1969) or Chandrasekharaiah and Debnath (1994).

However, since we are developing linear elasticity, which uses only small deformation theory,

the distinction between undeformed and deformed configurations can be dropped.

Using Cartesian coordinates, define the displacement vectors of points Po and P to be uo and

u, respectively. Since P and Po are neighboring points, we can use a Taylor series expansion

around point Po to express the components of u as

u ¼ uo þ @u

@x
rx þ

@u

@y
ry þ

@u

@z
rz

v ¼ vo þ @v

@x
rx þ

@v

@y
ry þ

@v

@z
rz

w ¼ wo þ @w

@x
rx þ

@w

@y
ry þ

@w

@z
rz

(2:1:1)

(Undeformed) (Deformed)

FIGURE 2-1 Two-dimensional deformation example.

P
P

Po
Po

r r

(Undeformed) (Deformed)

′

′

′

FIGURE 2-2 General deformation between two neighboring points.
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Note that the higher-order terms of the expansion have been dropped since the components of r
are small. The change in the relative position vector r can be written as

Dr ¼ r0 � r ¼ u� uo (2:1:2)

and using (2.1.1) gives

Drx ¼
@u

@x
rx þ

@u

@y
ry þ

@u

@z
rz

Dry ¼
@v

@x
rx þ

@v

@y
ry þ

@v

@z
rz

Drz ¼
@w

@x
rx þ

@w

@y
ry þ

@w

@z
rz

(2:1:3)

or in index notation

Dri ¼ ui, jrj (2:1:4)

The tensor ui, j is called the displacement gradient tensor, and may be written out as

ui, j ¼

@u

@x

@u

@y

@u

@z
@v

@x

@v

@y

@v

@z
@w

@x

@w

@y

@w

@z

2
6666664

3
7777775

(2:1:5)

From relation (1.2.10), this tensor can be decomposed into symmetric and antisymmetric

parts as

ui, j ¼ eij þ !ij (2:1:6)

where

eij ¼
1

2
(ui, j þ uj, i)

!ij ¼
1

2
(ui, j � uj, i)

(2:1:7)

The tensor eij is called the strain tensor, while !ij is referred to as the rotation tensor. Relations

(2.1.4) and (2.1.6) thus imply that for small deformation theory, the change in the relative

position vector between neighboring points can be expressed in terms of a sum of strain and

rotation components. Combining relations (2.1.2), (2.1.4), and (2.1.6), and choosing ri ¼ dxi,

we can also write the general result in the form

ui ¼ uo
i þ eijdxj þ !ijdxj (2:1:8)

Because we are considering a general displacement field, these results include both strain

deformation and rigid-body motion. Recall from Exercise 1-14 that a dual vector !i can
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be associated with the rotation tensor such that !i ¼ �1=2eijk!jk. Using this definition, it is

found that

!1 ¼ !32 ¼
1

2

@u3

@x2

� @u2

@x3

� �

!2 ¼ !13 ¼
1

2

@u1

@x3

� @u3

@x1

� �

!3 ¼ !21 ¼
1

2

@u2

@x1

� @u1

@x2

� � (2:1:9)

which can be expressed collectively in vector format as v ¼ (1=2)(r� u). As is shown in the

next section, these components represent rigid-body rotation of material elements about

the coordinate axes. These general results indicate that the strain deformation is related to the

strain tensor eij, which in turn is a related to the displacement gradients. We next pursue a more

geometric approach and determine specific connections between the strain tensor components

and geometric deformation of material elements.

2.2 Geometric Construction of Small Deformation Theory

Although the previous section developed general relations for small deformation theory, we

now wish to establish a more geometrical interpretation of these results. Typically, elasticity

variables and equations are field quantities defined at each point in the material continuum.

However, particular field equations are often developed by first investigating the behavior of

infinitesimal elements (with coordinate boundaries), and then a limiting process is invoked that

allows the element to shrink to a point. Thus, consider the common deformational behavior of

a rectangular element as shown in Figure 2-3. The usual types of motion include rigid-body

rotation and extensional and shearing deformations as illustrated. Rigid-body motion does not

contribute to the strain field, and thus also does not affect the stresses. We therefore focus our

study primarily on the extensional and shearing deformation.

Figure 2-4 illustrates the two-dimensional deformation of a rectangular element with

original dimensions dx by dy. After deformation, the element takes a rhombus form as

shown in the dotted outline. The displacements of various corner reference points are indicated

(Rigid Body Rotation)(Undeformed Element)

(Horizontal Extension) (Vertical Extension) (Shearing Deformation)

FIGURE 2-3 Typical deformations of a rectangular element.
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in the figure. Reference point A is taken at location (x,y), and the displacement components of

this point are thus u(x,y) and v(x,y). The corresponding displacements of point B are

u(xþ dx, y) and v(xþ dx, y), and the displacements of the other corner points are defined in

an analogous manner. According to small deformation theory, u(xþ dx, y) � u(x, y)þ
(@u=@x) dx, with similar expansions for all other terms.

The normal or extensional strain component in a direction n is defined as the change in

length per unit length of fibers oriented in the n-direction. Normal strain is positive if fibers

increase in length and negative if the fiber is shortened. In Figure 2-4, the normal strain in the x
direction can thus be defined by

ex ¼
A0B0 � AB

AB

From the geometry in Figure 2-4,

A0B0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxþ @u

@x
dx

� �2

þ @v

@x
dx

� �2
s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

@u

@x
þ @u

@x

� �2

þ @v

@x

� �2

dx

s
� 1þ @u

@x

� �
dx

where, consistent with small deformation theory, we have dropped the higher-order terms.

Using these results and the fact that AB ¼ dx, the normal strain in the x-direction reduces to

ex ¼
@u

@x
(2:2:1)

In similar fashion, the normal strain in the y-direction becomes

ey ¼
@v

@y
(2:2:2)

A second type of strain is shearing deformation, which involves angles changes (see Figure

2-3). Shear strain is defined as the change in angle between two originally orthogonal

u(x,y)

u(x+dx,y)

v(x,y)

v(x,y+dy)

dx

dy

A B

C D

A

B

C

D
dy

dx∂v
∂x

x

b

 y

∂u
∂y ′

′

′

′ α

FIGURE 2-4 Two-dimensional geometric strain deformation.
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directions in the continuum material. This definition is actually referred to as the engineering
shear strain. Theory of elasticity applications generally use a tensor formalism that requires a

shear strain definition corresponding to one-half the angle change between orthogonal axes;

see previous relation (2:1:7)1. Measured in radians, shear strain is positive if the right angle

between the positive directions of the two axes decreases. Thus, the sign of the shear strain

depends on the coordinate system. In Figure 2-4, the engineering shear strain with respect to

the x- and y-directions can be defined as

gxy ¼
p
2
� ffC0A0B0 ¼ aþ b

For small deformations, a � tan a and b � tan b, and the shear strain can then be expressed as

gxy ¼
@v

@x
dx

dxþ @u

@x
dx

þ

@u

@y
dy

dyþ @v

@y
dy

¼ @u

@y
þ @v

@x
(2:2:3)

where we have again neglected higher-order terms in the displacement gradients. Note that

each derivative term is positive if lines AB and AC rotate inward as shown in the figure. By

simple interchange of x and y and u and v, it is apparent that gxy ¼ gyx.

By considering similar behaviors in the y-z and x-z planes, these results can be easily

extended to the general three-dimensional case, giving the results:

ex ¼
@u

@x
, ey ¼

@v

@y
, ez ¼

@w

@z

gxy ¼
@u

@y
þ @v

@x
, gyz ¼

@v

@z
þ @w

@y
, gzx ¼

@w

@x
þ @u

@z

(2:2:4)

Thus, we define three normal and three shearing strain components leading to a total of six

independent components that completely describe small deformation theory. This set of

equations is normally referred to as the strain-displacement relations. However, these results

are written in terms of the engineering strain components, and tensorial elasticity theory

prefers to use the strain tensor eij defined by (2:1:7)1. This represents only a minor change

because the normal strains are identical and shearing strains differ by a factor of one-half; for

example, e11 ¼ ex ¼ ex and e12 ¼ exy ¼ 1=2gxy, and so forth.

Therefore, using the strain tensor eij, the strain-displacement relations can be expressed in

component form as

ex ¼
@u

@x
, ey ¼

@v

@y
, ez ¼

@w

@z

exy ¼
1

2

@u

@y
þ @v

@x

� �
, eyz ¼

1

2

@v

@z
þ @w

@y

� �
, ezx ¼

1

2

@w

@x
þ @u

@z

� � (2:2:5)

Using the more compact tensor notation, these relations are written as

eij ¼
1

2
(ui, j þ uj, i) (2:2:6)
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while in direct vector/matrix notation as the form reads:

e ¼ 1

2
ruþ (ru)T
� �

(2:2:7)

where e is the strain matrix and ru is the displacement gradient matrix and (ru)T is its

transpose.

The strain is a symmetric second-order tensor (eij ¼ eji) and is commonly written in matrix

format:

e ¼ [e] ¼
ex exy exz

exy ey eyz

exz eyz ez

2
4

3
5 (2:2:8)

Before we conclude this geometric presentation, consider the rigid-body rotation of our two-

dimensional element in the x-y plane, as shown in Figure 2-5. If the element is rotated through

a small rigid-body angular displacement about the z-axis, using the bottom element edge, the

rotation angle is determined as @v=@x, while using the left edge, the angle is given by �@u=@y.

These two expressions are of course the same; that is, @v=@x ¼ �@u=@y and note that this

would imply exy ¼ 0. The rotation can then be expressed as !z ¼ [(@v=@x)� (@u=@y)]=2,

which matches with the expression given earlier in (2:1:9)3. The other components of rotation

follow in an analogous manner.

Relations for the constant rotation !z can be integrated to give the result:

u* ¼ uo � !zy

v* ¼ vo þ !zx
(2:2:9)

where uo and vo are arbitrary constant translations in the x- and y-directions. This result

then specifies the general form of the displacement field for two-dimensional rigid-body

motion. We can easily verify that the displacement field given by (2.2.9) yields zero strain.

x

dx

dy

y− ∂u
∂y

∂v
∂x

FIGURE 2-5 Two-dimensional rigid-body rotation.
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For the three-dimensional case, the most general form of rigid-body displacement can be

expressed as

u* ¼ uo � !zyþ !yz

v* ¼ vo � !xzþ !zx

w* ¼ wo � !yxþ !xy

(2:2:10)

As shown later, integrating the strain-displacement relations to determine the displacement

field produces arbitrary constants and functions of integration, which are equivalent to rigid-

body motion terms of the form given by (2.2.9) or (2.2.10). Thus, it is important to recognize

such terms because we normally want to drop them from the analysis since they do not

contribute to the strain or stress fields.

2.3 Strain Transformation

Because the strains are components of a second-order tensor, the transformation theory

discussed in Section 1.5 can be applied. Transformation relation (1:5:1)3 is applicable for

second-order tensors, and applying this to the strain gives

e0ij ¼ QipQjqepq (2:3:1)

where the rotation matrix Qij ¼ cos (x0i, xj). Thus, given the strain in one coordinate system,

we can determine the new components in any other rotated system. For the general three-

dimensional case, define the rotation matrix as

Qij ¼
l1 m1 n1

l2 m2 n2

l3 m3 n3

2
4

3
5 (2:3:2)

Using this notational scheme, the specific transformation relations from equation (2.3.1) become

e0x ¼ exl21 þ eym2
1 þ ezn

2
1 þ 2(exyl1m1 þ eyzm1n1 þ ezxn1l1)

e0y ¼ exl22 þ eym2
2 þ ezn

2
2 þ 2(exyl2m2 þ eyzm2n2 þ ezxn2l2)

e0z ¼ exl23 þ eym2
3 þ ezn

2
3 þ 2(exyl3m3 þ eyzm3n3 þ ezxn3l3)

e0xy ¼ exl1l2 þ eym1m2 þ ezn1n2 þ exy(l1m2 þ m1l2)þ eyz(m1n2 þ n1m2)þ ezx(n1l2 þ l1n2)

e0yz ¼ exl2l3 þ eym2m3 þ ezn2n3 þ exy(l2m3 þ m2l3)þ eyz(m2n3 þ n2m3)þ ezx(n2l3 þ l2n3)

e0zx ¼ exl3l1 þ eym3m1 þ ezn3n1 þ exy(l3m1 þ m3l1)þ eyz(m3n1 þ n3m1)þ ezx(n3l1 þ l3n1)

(2:3:3)

For the two-dimensional case shown in Figure 2-6, the transformation matrix can be ex-

pressed as

Qij ¼
cos y sin y 0

� sin y cos y 0

0 0 1

2
4

3
5 (2:3:4)
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Under this transformation, the in-plane strain components transform according to

e0x ¼ ex cos2 yþ ey sin2 yþ 2exy sin y cos y

e0y ¼ ex sin2 yþ ey cos2 y� 2exy sin y cos y

e0xy ¼ �ex sin y cos yþ ey sin y cos yþ exy( cos2 y� sin2 y)

(2:3:5)

which is commonly rewritten in terms of the double angle:

e0x ¼
ex þ ey

2
þ ex � ey

2
cos 2yþ exy sin 2y

e0y ¼
ex þ ey

2
� ex � ey

2
cos 2y� exy sin 2y

e0xy ¼
ey � ex

2
sin 2yþ exy cos 2y

(2:3:6)

Transformation relations (2.3.6) can be directly applied to establish transformations between

Cartesian and polar coordinate systems (see Exercise 2-6). Additional applications of these

results can be found when dealing with experimental strain gage measurement systems. For

example, standard experimental methods using a rosette strain gage allow the determination of

extensional strains in three different directions on the surface of a structure. Using this type

of data, relation (2:3:6)1 can be repeatedly used to establish three independent equations

that can be solved for the state of strain (ex, ey, exy) at the surface point under study (see

Exercise 2-7).

Both two- and three-dimensional transformation equations can be easily incorporated in

MATLAB to provide numerical solutions to problems of interest. Such examples are given in

Exercises 2-8 and 2-9.

2.4 Principal Strains

From the previous discussion in Section 1.6, it follows that because the strain is a symmetric

second-order tensor, we can identify and determine its principal axes and values. According to

this theory, for any given strain tensor we can establish the principal value problem and solve

x

y

x

y

q

q

′

′

FIGURE 2-6 Two-dimensional rotational transformation.
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the characteristic equation to explicitly determine the principal values and directions. The

general characteristic equation for the strain tensor can be written as

det[eij � edij] ¼ �e3 þ W1e2 � W2eþ W3 ¼ 0 (2:4:1)

where e is the principal strain and the fundamental invariants of the strain tensor can be

expressed in terms of the three principal strains e1, e2, e3 as

W1 ¼ e1 þ e2 þ e3

W2 ¼ e1e2 þ e2e3 þ e3e1

W3 ¼ e1e2e3

(2:4:2)

The first invariant W1 ¼ W is normally called the cubical dilatation, because it is related to the

change in volume of material elements (see Exercise 2-11).

The strain matrix in the principal coordinate system takes the special diagonal form

eij ¼
e1 0 0

0 e2 0

0 0 e3

2
4

3
5 (2:4:3)

Notice that for this principal coordinate system, the deformation does not produce any

shearing and thus is only extensional. Therefore, a rectangular element oriented along

principal axes of strain will retain its orthogonal shape and undergo only extensional deform-

ation of its sides.

2.5 Spherical and Deviatoric Strains

In particular applications it is convenient to decompose the strain tensor into two parts called

spherical and deviatoric strain tensors. The spherical strain is defined by

~eeij ¼
1

3
ekkdij ¼

1

3
Wdij (2:5:1)

while the deviatoric strain is specified as

êeij ¼ eij �
1

3
ekkdij (2:5:2)

Note that the total strain is then simply the sum

eij ¼ ~eeij þ êeij (2:5:3)

The spherical strain represents only volumetric deformation and is an isotropic tensor,

being the same in all coordinate systems (as per the discussion in Section 1.5). The deviatoric

strain tensor then accounts for changes in shape of material elements. It can be shown

that the principal directions of the deviatoric strain are the same as those of the strain

tensor.
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3 Stress and Equilibrium

The previous chapter investigated the kinematics of deformation without regard to the force or

stress distribution within the elastic solid. We now wish to examine these issues and explore

the transmission of forces through deformable materials. Our study leads to the definition and

use of the traction vector and stress tensor. Each provides a quantitative method to describe

both boundary and internal force distributions within a continuum solid. Because it is com-

monly accepted that maximum stresses are a major contributing factor to material failure,

primary application of elasticity theory is used to determine the distribution of stress within a

given structure. Related to these force distribution issues is the concept of equilibrium. Within

a deformable solid, the force distribution at each point must be balanced. For the static case,

the summation of forces on an infinitesimal element is required to be zero, while for a dynamic

problem the resultant force must equal the mass times the element’s acceleration. In this

chapter, we establish the definitions and properties of the traction vector and stress tensor and

develop the equilibrium equations, which become another set of field equations necessary in

the overall formulation of elasticity theory. It should be noted that the developments in this

chapter do not require that the material be elastic, and thus in principle these results apply to a

broader class of material behavior.

3.1 Body and Surface Forces

When a structure is subjected to applied external loadings, internal forces are induced

inside the body. Following the philosophy of continuum mechanics, these internal forces are

distributed continuously within the solid. In order to study such forces, it is convenient to

categorize them into two major groups, commonly referred to as body forces and surface

forces.

Body forces are proportional to the body’s mass and are reacted with an agent outside of the

body. Examples of these include gravitational-weight forces, magnetic forces, and inertial

forces. Figure 3-1(a) shows an example body force of an object’s self-weight. By using

continuum mechanics principles, a body force density (force per unit volume) F(x) can be

defined such that the total resultant body force of an entire solid can be written as a volume

integral over the body

49
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FR ¼
ððð

V

F(x)dV (3:1:1)

Surface forces always act on a surface and result from physical contact with another

body. Figure 3-1(b) illustrates surface forces existing in a beam section that has been

created by sectioning the body into two pieces. For this particular case, the surface S
is a virtual one in the sense that it was artificially created to investigate the nature

of the internal forces at this location in the body. Again the resultant surface force

over the entire surface S can be expressed as the integral of a surface force density function
Tn(x)

FS ¼
ðð

S

Tn(x)dS (3:1:2)

The surface force density is normally referred to as the traction vector and is discussed in

more detail in the next section. In the development of classical elasticity, distributions

of body or surface couples are normally not included. Theories that consider such force

distributions have been constructed in an effort to extend classical elasticity for applications

in micromechanical modeling. Such approaches are normally called micropolar or couple-
stress theory (see Eringen 1968) and are briefly presented in Chapter 14.

(b) Sectioned Axially Loaded Beam

Surface Forces: T(x)

S

(a) Cantilever Beam Under Self-Weight Loading

Body Forces: F(x)

FIGURE 3-1 Examples of body and surface forces.
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3.2 Traction Vector and Stress Tensor

In order to quantify the nature of the internal distribution of forces within a continuum solid,

consider a general body subject to arbitrary (concentrated and distributed) external loadings, as

shown in Figure 3-2. To investigate the internal forces, a section is made through the body as

shown. On this section consider a small area DA with unit normal vector n. The resultant

surface force acting on DA is defined by DF. Consistent with our earlier discussion, no

resultant surface couple is included. The stress or traction vector is defined by

Tn(x, n) ¼ lim
DA!0

DF

DA
(3:2:1)

Notice that the traction vector depends on both the spatial location and the unit normal vector

to the surface under study. Thus, even though we may be investigating the same point, the

traction vector still varies as a function of the orientation of the surface normal. Because the

traction is defined as force per unit area, the total surface force is determined through

integration as per relation (3.1.2). Note, also, the simple action-reaction principle (Newton’s

third law)

Tn(x, n) ¼ �Tn(x, � n)

Consider now the special case in which DA coincides with each of the three coordinate planes

with the unit normal vectors pointing along the positive coordinate axes. This concept is shown

in Figure 3-3, where the three coordinate surfaces for DA partition off a cube of material. For

this case, the traction vector on each face can be written as

Tn(x, n ¼ e1) ¼ sxe1 þ txye2 þ txze3

Tn(x, n ¼ e2) ¼ tyxe1 þ sye2 þ tyze3

Tn(x, n ¼ e3) ¼ tzxe1 þ tzye2 þ sze3

(3:2:2)

where e1, e2, e3 are the unit vectors along each coordinate direction, and the nine quantities

{sx, sy, sz, txy, tyx, tyz, tzy, tzx, txz} are the components of the traction vector on each of

three coordinate planes as illustrated. These nine components are called the stress components,

∆F

∆A

n

(Sectioned Body)

P3

P

P2

P1
(Externally Loaded Body)

FIGURE 3-2 Sectioned solid under external loading.
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with sx, sy, sz referred to as normal stresses and txy, tyx, tyz, tzy, tzx, txz called the shear-
ing stresses. The components of stress sij are commonly written in matrix format

s ¼ [s] ¼
sx txy txz

tyx sy tyz

tzx tzy sz

2
4

3
5 (3:2:3)

and it can be formally shown that the stress is a second-order tensor that obeys the appropriate

transformation law (1:5:3)3.

The positive directions of each stress component are illustrated in Figure 3-3. Regardless of

the coordinate system, positive normal stress always acts in tension out of the face, and only

one subscript is necessary because it always acts normal to the surface. The shear stress,

however, requires two subscripts, the first representing the plane of action and the second

designating the direction of the stress. Similar to shear strain, the sign of the shear stress

depends on coordinate system orientation. For example, on a plane with a normal in the

positive x direction, positive txy acts in the positive y direction. Similar definitions follow for

the other shear stress components. In subsequent chapters, proper formulation of elasticity

problems requires knowledge of these basic definitions, directions, and sign conventions for

particular stress components.

Consider next the traction vector on an oblique plane with arbitrary orientation, as

shown in Figure 3-4. The unit normal to the surface can be expressed by

n ¼ nxe1 þ nye2 þ nze3 (3:2:3)

where nx, ny, nz are the direction cosines of the unit vector n relative to the given coordinate

system. We now consider the equilibrium of the pyramidal element interior to the oblique and

coordinate planes. Invoking the force balance between tractions on the oblique and coordinate

faces gives

sy

sx

tyx

txy

txz
tzx

tzy

tyz

x

z

y

sz

FIGURE 3-3 Components of the stress.
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Tn ¼ nxTn(n ¼ e1)þ nyTn(n ¼ e2)þ nzT
n(n ¼ e3)

and by using relations (3.2.2), this can be written as

Tn ¼ (sxnx þ tyxny þ tzxnz)e1

þ (txynx þ syny þ tzynz)e2

þ (txznx þ tyzny þ sznz)e3

(3:2:4)

or in index notation

Tn
i ¼ sjinj (3:2:5)

Relation (3.2.4) or (3.2.5) provides a simple and direct method to calculate the forces on

oblique planes and surfaces. This technique proves to be very useful to specify general

boundary conditions during the formulation and solution of elasticity problems.

Following the principles of small deformation theory, the previous definitions for the

stress tensor and traction vector do not make a distinction between the deformed and un-

deformed configurations of the body. As mentioned in the previous chapter, such a distinction

only leads to small modifications that are considered higher-order effects and are normally

neglected. However, for large deformation theory, sizeable differences exist between

these configurations, and the undeformed configuration (commonly called the reference

configuration) is often used in problem formulation. This gives rise to the definition of an

additional stress called the Piola-Kirchhoff stress tensor that represents the force per unit

area in the reference configuration (see Chandrasekharaiah and Debnath 1994). In the

more general scheme, the stress sij is referred to as the Cauchy stress tensor. Throughout

the text only small deformation theory is considered, and thus the distinction between

these two definitions of stress disappears, thereby eliminating any need for this additional

terminology.

x

z

y

n Tn

FIGURE 3-4 Traction on an oblique plane.
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3.3 Stress Transformation

Analogous to our previous discussion with the strain tensor, the stress components must also

follow the standard transformation rules for second-order tensors established in Section 1.5.

Applying transformation relation (1.5.1)3 for the stress gives

s
0

ij ¼ QipQjqspq (3:3:1)

where the rotation matrix Qij ¼ cos (x
0

i, xj). Therefore, given the stress in one coordinate

system, we can determine the new components in any other rotated system. For the general

three-dimensional case, the rotation matrix may be chosen in the form

Qij ¼
l1 m1 n1

l2 m2 n2

l3 m3 n3

2
4

3
5 (3:3:2)

Using this notational scheme, the specific transformation relations for the stress then become

s
0

x ¼ sxl21 þ sym2
1 þ szn

2
1 þ 2(txyl1m1 þ tyzm1n1 þ tzxn1l1)

s
0

y ¼ sxl22 þ sym2
2 þ szn

2
2 þ 2(txyl2m2 þ tyzm2n2 þ tzxn2l2)

s
0

z ¼ sxl23 þ sym2
3 þ szn

2
3 þ 2(txyl3m3 þ tyzm3n3 þ tzxn3l3)

t
0

xy ¼ sxl1l2 þ sym1m2 þ szn1n2 þ txy(l1m2 þ m1l2)þ tyz(m1n2 þ n1m2)þ tzx(n1l2 þ l1n2)

t
0

yz ¼ sxl2l3 þ sym2m3 þ szn2n3 þ txy(l2m3 þ m2l3)þ tyz(m2n3 þ n2m3)þ tzx(n2l3 þ l2n3)

t
0

zx ¼ sxl3l1 þ sym3m1 þ szn3n1 þ txy(l3m1 þ m3l1)þ tyz(m3n1 þ n3m1)þ tzx(n3l1 þ l3n1)

(3:3:3)

For the two-dimensional case originally shown in Figure 2-6, the transformation matrix was

given by relation (2.3.4). Under this transformation, the in-plane stress components transform

according to

s
0

x ¼ sx cos2 yþ sy sin2 yþ 2txy sin y cos y

s
0

y ¼ sx sin2 yþ sy cos2 y� 2txy sin y cos y

t
0

xy ¼ �sx sin y cos yþ sy sin y cos yþ txy( cos2 y� sin2 y)

(3:3:4)

which is commonly rewritten in terms of the double angle

s
0

x ¼
sx þ sy

2
þ sx � sy

2
cos 2yþ txy sin 2y

s
0

y ¼
sx þ sy

2
� sx � sy

2
cos 2y� txy sin 2y

t
0

xy ¼
sy � sx

2
sin 2yþ txy cos 2y

(3:3:5)

Similar to our discussion on strain in the previous chapter, relations (3.3.5) can be directly

applied to establish stress transformations between Cartesian and polar coordinate systems

(see Exercise 3-3). Both two- and three-dimensional stress transformation equations can be
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easily incorporated in MATLAB to provide numerical solution to problems of interest (see

Exercise 3-2).

3.4 Principal Stresses

We can again use the previous developments from Section 1.6 to discuss the issues of principal

stresses and directions. It is shown later in the chapter that the stress is a symmetric tensor.

Using this fact, appropriate theory has been developed to identify and determine principal axes

and values for the stress. For any given stress tensor we can establish the principal value

problem and solve the characteristic equation to explicitly determine the principal values and

directions. The general characteristic equation for the stress tensor becomes

det[sij � sdij] ¼ �s3 þ I1s2 � I2sþ I3 ¼ 0 (3:4:1)

where s are the principal stresses and the fundamental invariants of the stress tensor can be

expressed in terms of the three principal stresses s1,s2,s3 as

I1 ¼ s1 þ s2 þ s3

I2 ¼ s1s2 þ s2s3 þ s3s1

I3 ¼ s1s2s3

(3:4:2)

In the principal coordinate system, the stress matrix takes the special diagonal form

sij ¼
s1 0 0

0 s2 0

0 0 s3

2
4

3
5 (3:4:3)

A comparison of the general and principal stress states is shown in Figure 3-5. Notice that for

the principal coordinate system, all shearing stresses vanish and thus the state includes only

normal stresses. These issues should be compared to the equivalent comments made for the

strain tensor at the end of Section 2.4.

sy

sx

txy

tyx

sz

tyz

tzx

tzy

txz
x

z

y

(General Coordinate System)

s3

s2

s1

1

3

2

(Principal Coordinate System)

FIGURE 3-5 Comparison of general and principal stress states.
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We now wish to go back to investigate another issue related to stress and traction

transformation that makes use of principal stresses. Consider the general traction vector Tn

that acts on an arbitrary surface as shown in Figure 3-6. The issue of interest is to determine the

traction vector’s normal and shear components N and S. The normal component is simply the

traction’s projection in the direction of the unit normal vector n, while the shear component is

found by Pythagorean theorem,

N ¼ Tn � n
S ¼ (jTnj2 � N2)1=2

(3:4:4)

Using the relationship for the traction vector (3.2.5) into (3:4:4)1 gives

N ¼ Tn � n ¼ Tn
i ni ¼ sjinjni

¼ s1n2
1 þ s2n2

2 þ s3n2
3

(3:4:5)

where, in order to simplify the expressions, we have used the principal axes for the stress

tensor. In a similar manner,

jTnj2 ¼ Tn � Tn ¼ Tn
i Tn

i ¼ sjinjskink

¼ s2
1n2

1 þ s2
2n2

2 þ s2
3n2

3

(3:4:6)

Using these results back into relation (3.4.4) yields

N ¼ s1n2
1 þ s2n2

2 þ s3n2
3

S2 þ N2 ¼ s2
1n2

1 þ s2
2n2

2 þ s2
3n2

3

(3:4:7)

In addition, we also add the condition that the vector n has unit magnitude

1 ¼ n2
1 þ n2

2 þ n2
3 (3:4:8)

Relations (3.4.7) and (3.4.8) can be viewed as three linear algebraic equations for the

unknowns n2
1, n2

2, n2
3. Solving this system gives the following result:

Tn
n∆A

S

N

FIGURE 3-6 Traction vector decomposition.

Sadd / Elasticity Final Proof 3.7.2004 2:59pm page 56

56 FOUNDATIONS AND ELEMENTARY APPLICATIONS

TLFeBOOK



n2
1 ¼

S2 þ (N � s2)(N � s3)

(s1 � s2)(s1 � s3)

n2
2 ¼

S2 þ (N � s3)(N � s1)

(s2 � s3)(s2 � s1)

n2
3 ¼

S2 þ (N � s1)(N � s2)

(s3 � s1)(s3 � s2)

(3:4:9)

Without loss in generality, we can rank the principal stresses as s1 > s2 > s3. Noting that the

expressions given by (3.4.9) must be greater than or equal to zero, we can conclude the following

S2 þ (N � s2)(N � s3) � 0

S2 þ (N � s3)(N � s1) � 0

S2 þ (N � s1)(N � s2) � 0

(3:4:10)

For the equality case, equations (3.4.10) represent three circles in an S-N coordinate system,

and Figure 3-7 illustrates the location of each circle. These results were originally generated by

Otto Mohr over a century ago, and the circles are commonly called Mohr’s circles of stress.

The three inequalities given in (3.4.10) imply that all admissible values of N and S lie in

the shaded regions bounded by the three circles. Note that, for the ranked principal stresses, the

largest shear component is easily determined as Smax ¼ 1=2js1 � s3j. Although these circles

can be effectively used for two-dimensional stress transformation, the general tensorial-based

equations (3.3.3) are normally used for general transformation computations.

N

S

σ1σ2
σ3

S2 + (N − σ2)(N − σ3) = 0

S2 + (N − σ3)(N − σ1) = 0

S2 + (N − σ1)(N − σ2) = 0

FIGURE 3-7 Mohr’s circles of stress.
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EXAMPLE 3-1: Stress Transformation

For the following state of stress, determine the principal stresses and directions and find

the traction vector on a plane with unit normal n ¼ (0, 1, 1)=
ffiffiffi
2
p

.

sij ¼
3 1 1

1 0 2

1 2 0

2
4

3
5

The principal stress problem is started by calculating the three invariants, giving

the result I1 ¼ 3, I2 ¼ �6, I3 ¼ �8. This yields the following characteristic equa-

tion:

�s3 þ 3s2 þ 6s� 8 ¼ 0

The roots of this equation are found to be s ¼ 4, 1, � 2. Back-substituting the first root

into the fundamental system (see 1.6.1) gives

� n(1)
1 þ n(1)

2 þ n(1)
3 ¼ 0

n(1)
1 � 4n(1)

2 þ 2n(1)
3 ¼ 0

n(1)
1 þ 2n(1)

2 � 4n(1)
3 ¼ 0

Solving this system, the normalized principal direction is found to be n(1) ¼ (2, 1, 1)=ffiffiffi
6
p

. In similar fashion the other two principal directions are n(2) ¼ (�1, 1, 1)=ffiffiffi
3
p

, n(3) ¼ (0, � 1, 1)=
ffiffiffi
2
p

.

The traction vector on the specified plane is calculated by using the relation

Tn
i ¼

3 1 1

1 0 2

1 2 0

2
4

3
5 0

1=
ffiffiffi
2
p

1=
ffiffiffi
2
p

2
4

3
5 ¼ 2=

ffiffiffi
2
p

2=
ffiffiffi
2
p

2=
ffiffiffi
2
p

2
4

3
5

3.5 Spherical and Deviatoric Stresses

As mentioned in our previous discussion on strain, it is often convenient to decompose the

stress into two parts called the spherical and deviatoric stress tensors. Analogous to relations

(2.5.1) and (2.5.2), the spherical stress is defined by

~ssij ¼
1

3
skkdij (3:5:1)

while the deviatoric stress becomes

ŝsij ¼ sij �
1

3
skkdij (3:5:2)
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Note that the total stress is then simply the sum

sij ¼ ~ssij þ ŝsij (3:5:3)

The spherical stress is an isotropic tensor, being the same in all coordinate systems (as per

discussion in Section 1.5). It can be shown that the principal directions of the deviatoric stress

are the same as those of the stress tensor (see Exercise 3-8).

3.6 Equilibrium Equations

The stress field in an elastic solid is continuously distributed within the body and uniquely

determined from the applied loadings. Because we are dealing primarily with bodies in

equilibrium, the applied loadings satisfy the equations of static equilibrium; that is, the

summation of forces and moments is zero. If the entire body is in equilibrium, then all parts

must also be in equilibrium. Thus, we can partition any solid into an appropriate subdomain

and apply the equilibrium principle to that region. Following this approach, equilibrium

equations can be developed that express the vanishing of the resultant force and moment at

a continuum point in the material. These equations can be developed by using either an

arbitrary finite subdomain or a special differential region with boundaries coinciding with

coordinate surfaces. We shall formally use the first method in the text, and the second scheme

is included in Exercises 3-10 and 3-11.

Consider a closed subdomain with volume V and surface S within a body in equilibrium.

The region has a general distribution of surface tractions Tn body forces F as shown in Figure

3-8. For static equilibrium, conservation of linear momentum implies that the forces acting on

this region are balanced and thus the resultant force must vanish. This concept can be easily

written in index notation as

ðð
S

Tn
i dSþ

ððð
V

FidV ¼ 0 (3:6:1)

Using relation (3.2.5) for the traction vector, we can express the equilibrium statement in terms

of stress:

F

Tn

V

S

FIGURE 3-8 Body and surface forces acting on arbitrary portion of a continuum.
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ðð
S

sjinjdSþ
ððð

V

FidV ¼ 0 (3:6:2)

Applying the divergence theorem (1.8.7) to the surface integral allows the conversion to a

volume integral, and relation (3.6.2) can then be expressed as

ððð
V

(sji, j þ Fi)dV ¼ 0 (3:6:3)

Because the region V is arbitrary (any part of the medium can be chosen) and the integrand

in (3.6.3) is continuous, then by the zero-value theorem (1.8.12), the integrand must

vanish:

sji, j þ Fi ¼ 0 (3:6:4)

This result represents three scalar relations called the equilibrium equations. Written in scalar

notation they are

@sx

@x
þ @tyx

@y
þ @tzx

@z
þ Fx ¼ 0

@txy

@x
þ @sy

@y
þ @tzy

@z
þ Fy ¼ 0

@txz

@x
þ @tyz

@y
þ @sz

@z
þ Fz ¼ 0

(3:6:5)

Thus, all elasticity stress fields must satisfy these relations in order to be in static equilib-

rium.

Next consider the angular momentum principle that states that the moment of all

forces acting on any portion of the body must vanish. Note that the point about which the

moment is calculated can be chosen arbitrarily. Applying this principle to the region shown in

Figure 3-8 results in a statement of the vanishing of the moments resulting from surface and

body forces:

ðð
S

eijkxjT
n
k dSþ

ððð
V

eijkxjFkdV ¼ 0 (3:6:6)

Again using relation (3.2.5) for the traction, (3.6.6) can be written as

ðð
S

eijkxjslknldSþ
ððð

V

eijkxjFkdV ¼ 0

and application of the divergence theorem gives

ððð
V

[(eijkxjslk), l þ eijkxjFk]dV ¼ 0
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This integral can be expanded and simplified as

ððð
V

[eijkxj, lslk þ eijkxjslk, l þ eijkxjFk]dV ¼ððð
V

[eijkdjlslk þ eijkxjslk, l þ eijkxjFk]dV ¼ððð
V

[eijksjk � eijkxjFk þ eijkxjFk]dV ¼
ððð

V

eijksjkdV

where we have used the equilibrium equations (3.6.4) to simplify the final result. Thus, (3.6.6)

now gives

ððð
V

eijksjkdV ¼ 0

As per our earlier arguments, because the region V is arbitrary, the integrand must vanish,

giving eijksjk ¼ 0. However, because the alternating symbol is antisymmetric in indices jk, the

other product term sjk must be symmetric, thus implying

txy ¼ tyx

sij ¼ sji ) tyz ¼ tzy

tzx ¼ txz

(3:6:7)

We thus find that, similar to the strain, the stress tensor is also symmetric and therefore has

only six independent components in three dimensions. Under these conditions, the equilibrium

equations can then be written as

sij, j þ Fi ¼ 0 (3:6:8)

3.7 Relations in Curvilinear Cylindrical and Spherical
Coordinates

As mentioned in the previous chapter, in order to solve many elasticity problems, formulation

must be done in curvilinear coordinates typically using cylindrical or spherical systems. Thus,

by following similar methods as used with the strain-displacement relations, we now wish to

develop expressions for the equilibrium equations in curvilinear cylindrical and spherical

coordinates. By using a direct vector/matrix notation, the equilibrium equations can be

expressed as

r � s þ F ¼ 0 (3:7:1)

where s ¼ sijeiej is the stress matrix or dyadic, ei are the unit basis vectors in the

curvilinear system, and F is the body force vector. The desired curvilinear expressions can

be obtained from (3.7.1) by using the appropriate form for , � s from our previous work in

Section 1.9.
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4 Material Behavior—Linear Elastic Solids

The previous two chapters establish elasticity field equations related to the kinematics of

small deformation theory and the equilibrium of the associated internal stress field. Based

on these physical concepts, three strain-displacement relations (2.2.5), six compatibility

equations (2.6.2), and three equilibrium equations (3.6.5) were developed for the general

three-dimensional case. Because moment equilibrium simply results in symmetry of the stress

tensor, it is not normally included as a separate field equation set. Also, recall that the

compatibility equations actually represent only three independent relations, and these equa-

tions are needed only to ensure that a given strain field will produce single-valued continuous

displacements. Because the displacements are included in the general problem formulation, the

solution automatically gives continuous displacements, and the compatibility equations are not

formally needed for the general system. Thus, excluding the compatibility relations, it is found

that we have now developed nine field equations. The unknowns in these equations include 3

displacement components, 6 components of strain, and 6 stress components, yielding a total of

15 unknowns. Thus, the 9 equations are not sufficient to solve for the 15 unknowns, and

additional field equations are needed. This result should not be surprising since up to this point

in our development we have not considered the material response. We now wish to complete

our general formulation by specializing to a particular material model that provides reasonable

characterization of materials under small deformations. The model we will use is that of a

linear elastic material, a name that categorizes the entire theory. This chapter presents the

basics of the elastic model specializing the formulation for isotropic materials. Related theory

for anisotropic media is developed in Chapter 11. Thermoelastic relations are also briefly

presented for later use in Chapter 12.

4.1 Material Characterization

Relations that characterize the physical properties of materials are called constitutive equa-
tions. Because of the endless variety of materials and loadings, the study and development of

constitutive equations is perhaps one of the most interesting and challenging fields in mechan-

ics. Although continuum mechanics theory has established some principles for systematic

development of constitutive equations (Malvern 1969), many constitutive laws have been

developed through empirical relations based on experimental evidence. Our interest here is

69
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limited to a special class of solid materials with loadings resulting from mechanical or thermal

effects. The mechanical behavior of solids is normally defined by constitutive stress-strain

relations. Commonly, these relations express the stress as a function of the strain, strain rate,

strain history, temperature, and material properties. We choose a rather simple material model

called the elastic solid that does not include rate or history effects. The model may be

described as a deformable continuum that recovers its original configuration when the loadings

causing the deformation are removed. Furthermore, we restrict the constitutive stress-strain

law to be linear, thus leading to a linear elastic solid. Although these assumptions greatly

simplify the model, linear elasticity predictions have shown good agreement with experimental

data and have provided useful methods to conduct stress analysis. Many structural materials

including metals, plastics, ceramics, wood, rock, concrete, and so forth exhibit linear elastic

behavior under small deformations.

As mentioned, experimental testing is commonly employed in order to characterize the

mechanical behavior of real materials. One such technique is the simple tension test in which a

specially prepared cylindrical or flat stock sample is loaded axially in a testing machine. Strain

is determined by the change in length between prescribed reference marks on the sample and is

usually measured by a clip gage. Load data collected from a load cell is divided by the cross-

sectional area in the test section to calculate the stress. Axial stress-strain data is recorded and

plotted using standard experimental techniques. Typical qualitative data for three types of

structural metals (mild steel, aluminum, cast iron) are shown in Figure 4-1. It is observed that

each material exhibits an initial stress-strain response for small deformation that is approxi-

mately linear. This is followed by a change to nonlinear behavior that can lead to large

deformation, finally ending with sample failure.

For each material the initial linear response ends at a point normally referred to as the

proportional limit. Another observation in this initial region is that if the loading is removed,

the sample returns to its original shape and the strain disappears. This characteristic is the

primary descriptor of elastic behavior. However, at some point on the stress-strain curve

unloading does not bring the sample back to zero strain and some permanent plastic deform-

ation results. The point at which this nonelastic behavior begins is called the elastic limit.
Although some materials exhibit different elastic and proportional limits, many times

these values are taken to be approximately the same. Another demarcation on the stress-strain

curve is referred to as the yield point, defined by the location where large plastic deformation

begins.

Steel

Cast Iron

Aluminum

*
*

*

s

e

FIGURE 4-1 Typical uniaxial stress-strain curves for three structural metals.
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Because mild steel and aluminum are ductile materials, their stress-strain response indicates

extensive plastic deformation, and during this period the sample dimensions will be changing.

In particular the sample’s cross-sectional area undergoes significant reduction, and the stress

calculation using division by the original area will now be in error. This accounts for the

reduction in the stress at large strain. If we were to calculate the load divided by the true

area, the true stress would continue to increase until failure. On the other hand, cast iron

is known to be a brittle material, and thus its stress-strain response does not show large

plastic deformation. For this material, very little nonelastic or nonlinear behavior is

observed. It is therefore concluded from this and many other studies that a large variety of

real materials exhibits linear elastic behavior under small deformations. This would lead to a

linear constitutive model for the one-dimensional axial loading case given by the relation

s ¼ Ee, where E is the slope of the uniaxial stress-strain curve. We now use this simple

concept to develop the general three-dimensional forms of the linear elastic constitutive

model.

4.2 Linear Elastic Materials—Hooke’s Law

Based on observations from the previous section, in order to construct a general three-

dimensional constitutive law for linear elastic materials, we assume that each stress component

is linearly related to each strain component

sx ¼ C11ex þ C12ey þ C13ez þ 2C14exy þ 2C15eyz þ 2C16ezx

sy ¼ C21ex þ C22ey þ C23ez þ 2C24exy þ 2C25eyz þ 2C26ezx

sz ¼ C31ex þ C32ey þ C33ez þ 2C34exy þ 2C35eyz þ 2C36ezx

txy ¼ C41ex þ C42ey þ C43ez þ 2C44exy þ 2C45eyz þ 2C46ezx

tyz ¼ C51ex þ C52ey þ C53ez þ 2C54exy þ 2C55eyz þ 2C56ezx

tzx ¼ C61ex þ C62ey þ C63ez þ 2C64exy þ 2C65eyz þ 2C66ezx

(4:2:1)

where the coefficients Cij are material parameters and the factors of 2 arise because of

the symmetry of the strain. Note that this relation could also be expressed by writing the

strains as a linear function of the stress components. These relations can be cast into a matrix

format as

sx

sy

sz

txy

tyz

tzx

2
6666664

3
7777775
¼

C11 C12 � � � C16

C21 � � � � �
� � � � � �
� � � � � �
� � � � � �

C61 � � � � C66

2
6666664

3
7777775

ex

ey

ez

2exy

2eyz

2ezx

2
6666664

3
7777775

(4:2:2)

Relations (4.2.1) can also be expressed in standard tensor notation by writing

sij ¼ Cijklekl (4:2:3)

where Cijkl is a fourth-order elasticity tensor whose components include all the material

parameters necessary to characterize the material. Based on the symmetry of the stress and

strain tensors, the elasticity tensor must have the following properties (see Exercise 4-1):
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Cijkl ¼ Cjikl

Cijkl ¼ Cijlk

(4:2:4)

In general, the fourth-order tensor Cijkl has 81 components. However, relations (4.2.4)

reduce the number of independent components to 36, and this provides the required match

with form (4.2.1) or (4.2.2). Later in Chapter 6 we introduce the concept of strain energy, and

this leads to a further reduction to 21 independent elastic components. The components of Cijkl

or equivalently Cij are called elastic moduli and have units of stress (force/area). In order to

continue further, we must address the issues of material homogeneity and isotropy.

If the material is homogenous, the elastic behavior does not vary spatially, and thus all elastic

moduli are constant. For this case, the elasticity formulation is straightforward, leading to the

development of many analytical solutions to problems of engineering interest. A homogenous

assumption is an appropriate model for most structural applications, and thus we primarily

choose this particular case for subsequent formulation and problem solution. However, there are

a couple of important nonhomogeneous applications that warrant further discussion.

Studies in geomechanics have found that the material behavior of soil and rock commonly

depends on distance below the earth’s surface. In order to simulate particular geomechanics

problems, researchers have used nonhomogeneous elastic models applied to semi-infinite

domains. Typical applications have involved modeling the response of a semi-infinite soil

mass under surface or subsurface loadings with variation in elastic moduli with depth (see the

review by Poulos and Davis 1974). Another more recent application involves the behavior of

functionally graded materials (FGM) (see Erdogan 1995 and Parameswaran and Shukla 1999,

2002). FGMs are a new class of engineered materials developed with spatially varying

properties to suit particular applications. The graded composition of such materials is com-

monly established and controlled using powder metallurgy, chemical vapor deposition, or

centrifugal casting. Typical analytical studies of these materials have assumed linear, exponen-

tial, and power-law variation in elastic moduli of the form

Cij(x) ¼ Co
ij(1þ ax)

Cij(x) ¼ Co
ije

ax

Cij(x) ¼ Co
ijx

a

(4:2:5)

where Co
ij and a are prescribed constants and x is the spatial coordinate. Further investigation of

formulation results for such spatially varying moduli are included in Exercises 5-6 and 7-12 in

subsequent chapters.

Similar to homogeneity, another fundamental material property is isotropy. This property

has to do with differences in material moduli with respect to orientation. For example, many

materials including crystalline minerals, wood, and fiber-reinforced composites have different

elastic moduli in different directions. Materials such as these are said to be anisotropic. Note

that for most real anisotropic materials there exist particular directions where the properties are

the same. These directions indicate material symmetries. However, for many engineering

materials (most structural metals and many plastics), the orientation of crystalline and grain

microstructure is distributed randomly so that macroscopic elastic properties are found to be

essentially the same in all directions. Such materials with complete symmetry are called

isotropic. As expected, an anisotropic model complicates the formulation and solution of

problems. We therefore postpone development of such solutions until Chapter 11 and continue

our current development under the assumption of isotropic material behavior.
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The tensorial form (4.2.3) provides a convenient way to establish the desired isotropic

stress-strain relations. If we assume isotropic behavior, the elasticity tensor must be the same

under all rotations of the coordinate system. Using the basic transformation properties from

relation (1:5:1)5, the fourth-order elasticity tensor must satisfy

Cijkl ¼ QimQjnQkpQlqCmnpq

It can be shown (Chandrasekharaiah and Debnath 1994) that the most general form that

satisfies this isotropy condition is given by

Cijkl ¼ adijdkl þ bdikdjl þ gdildjk (4:2:6)

where a,b, and g are arbitrary constants. Verification of the isotropy property of form

(4.2.6) is left as Exercise 1-9. Using the general form (4.2.6) in stress-strain relation (4.2.3)

gives

sij ¼ lekkdij þ 2meij (4:2:7)

where we have relabeled particular constants using l and m. The elastic constant l is called

Lamé’s constant, and m is referred to as the shear modulus or modulus of rigidity. Some texts

use the notation G for the shear modulus. Equation (4.2.7) can be written out in individual

scalar equations as

sx ¼ l(ex þ ey þ ez)þ 2mex

sy ¼ l(ex þ ey þ ez)þ 2mey

sz ¼ l(ex þ ey þ ez)þ 2mez

txy ¼ 2mexy

tyz ¼ 2meyz

tzx ¼ 2mezx

(4:2:8)

Relations (4.2.7) or (4.2.8) are called the generalized Hooke’s law for linear isotropic elastic
solids. They are named after Robert Hooke who in 1678 first proposed that the deformation of

an elastic structure is proportional to the applied force. Notice the significant simplicity of the

isotropic form when compared to the general stress-strain law originally given by (4.2.1). It

should be noted that only two independent elastic constants are needed to describe the

behavior of isotropic materials. As shown in Chapter 11, additional numbers of elastic moduli

are needed in the corresponding relations for anisotropic materials.

Stress-strain relations (4.2.7) or (4.2.8) may be inverted to express the strain in terms of the

stress. In order to do this it is convenient to use the index notation form (4.2.7) and set the two

free indices the same (contraction process) to get

skk ¼ (3lþ 2m)ekk (4:2:9)

This relation can be solved for ekk and substituted back into (4.2.7) to get

eij ¼
1

2m
sij �

l
3lþ 2m

skkdij

� �
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which is more commonly written as

eij ¼
1þ n

E
sij �

n
E
skkdij (4:2:10)

where E ¼ m(3lþ 2m)=(lþ m) and is called the modulus of elasticity or Young’s modulus, and

n ¼ l=[2(lþ m)] is referred to as Poisson’s ratio. The index notation relation (4.2.10) may be

written out in component (scalar) form giving the six equations

ex ¼
1

E
sx � n(sy þ sz)
� �

ey ¼
1

E
sy � n(sz þ sx)
� �

ez ¼
1

E
sz � n(sx þ sy)
� �

exy ¼
1þ n

E
txy ¼

1

2m
txy

eyz ¼
1þ n

E
tyz ¼

1

2m
tyz

ezx ¼
1þ n

E
tzx ¼

1

2m
tzx

(4:2:11)

Constitutive form (4.2.10) or (4.2.11) again illustrates that only two elastic constants are

needed to formulate Hooke’s law for isotropic materials. By using any of the isotropic forms

of Hooke’s law, it can be shown that the principal axes of stress coincide with the principal

axes of strain (see Exercise 4-4). This result also holds for some but not all anisotropic

materials.

4.3 Physical Meaning of Elastic Moduli

For the isotropic case, the previously defined elastic moduli have simple physical meaning.

These can be determined through investigation of particular states of stress commonly used in

laboratory materials testing as shown in Figure 4-2.

4.3.1 Simple Tension
Consider the simple tension test as discussed previously with a sample subjected to tension

in the x direction (see Figure 4-2). The state of stress is closely represented by the one-

dimensional field

sij ¼
s 0 0

0 0 0

0 0 0

2
4

3
5

Using this in relations (4.2.10) gives a corresponding strain field
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eij ¼

s
E

0 0

0 � n
E
s 0

0 0 � n
E
s

2
6664

3
7775

Therefore, E ¼ s=ex and is simply the slope of the stress-strain curve, while

n ¼ �ey=ex ¼ �ez=ex is the ratio of the transverse strain to the axial strain. Standard measure-

ment systems can easily collect axial stress and transverse and axial strain data, and thus

through this one type of test both elastic constants can be determined for materials of interest.

4.3.2 Pure Shear
If a thin-walled cylinder is subjected to torsional loading (as shown in Figure 4-2), the state of

stress on the surface of the cylindrical sample is given by

sij ¼
0 t 0

t 0 0

0 0 0

2
4

3
5

Again, by using Hooke’s law, the corresponding strain field becomes

eij ¼
0 t=2m 0

t=2m 0 0

0 0 0

2
4

3
5

and thus the shear modulus is given by m ¼ t=2exy ¼ t=gxy, and this modulus is simply the

slope of the shear stress-shear strain curve.

p

p

p

σ

τ
τ

τ

τ

σ

(Simple Tension) (Pure Shear) (Hydrostatic Compression)

FIGURE 4-2 Special characterization states of stress.

Sadd / Elasticity Final Proof 3.7.2004 2:59pm page 75

Material Behavior—Linear Elastic Solids 75

TLFeBOOK



4.3.3 Hydrostatic Compression (or Tension)
The final example is associated with the uniform compression (or tension) loading of a cubical

specimen, as shown in Figure 4-2. This type of test would be realizable if the sample was

placed in a high-pressure compression chamber. The state of stress for this case is given by

sij ¼
�p 0 0

0 �p 0

0 0 �p

2
4

3
5 ¼ �pdij

This is an isotropic state of stress and the strains follow from Hooke’s law

eij ¼

� 1� 2n
E

p 0 0

0 � 1� 2n
E

p 0

0 0 � 1� 2n
E

p

2
66664

3
77775

The dilatation that represents the change in material volume (see Exercise 2-11) is thus given

by W ¼ ekk ¼ �3(1� 2n)p=E, which can be written as

p ¼ �kW (4:3:1)

where k ¼ E=[3(1� 2n)] is called the bulk modulus of elasticity. This additional elastic

constant represents the ratio of pressure to the dilatation, which could be referred to as the

volumetric stiffness of the material. Notice that as Poisson’s ratio approaches 0.5, the bulk

modulus becomes unbounded and the material does not undergo any volumetric deformation

and hence is incompressible.

Our discussion of elastic moduli for isotropic materials has led to the definition of five

constants l, m, E, n, and k. However, keep in mind that only two of these are needed to

characterize the material. Although we have developed a few relationships between various

moduli, many other such relations can also be found. In fact, it can be shown that all five elastic

constants are interrelated, and if any two are given, the remaining three can be determined by

using simple formulae. Results of these relations are conveniently summarized in Table 4-1.

This table should be marked for future reference, because it will prove to be useful for

calculations throughout the text.

Typical nominal values of elastic constants for particular engineering materials are given in

Table 4-2. These moduli represent average values, and some variation will occur for specific

materials. Further information and restrictions on elastic moduli require strain energy con-

cepts, which are developed in Chapter 6.

Before concluding this section, we wish to discuss the forms of Hooke’s law in curvilinear

coordinates. Previous chapters have mentioned that cylindrical and spherical coordinates (see

Figures 1-4 and 1-5) are used in many applications for problem solution. Figures 3-9 and 3-10

defined the stress components in each curvilinear system. In regards to these figures, it follows

that the orthogonal curvilinear coordinate directions can be obtained from a base Cartesian

system through a simple rotation of the coordinate frame. For isotropic materials, the elasticity

tensor Cijkl is the same in all coordinate frames, and thus the structure of Hooke’s law remains
the same in any orthogonal curvilinear system. Therefore, form (4.2.8) can be expressed in

cylindrical and spherical coordinates as
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sr ¼ l(er þ ey þ ez)þ 2mer sR ¼ l(eR þ ef þ ey)þ 2meR

sy ¼ l(er þ ey þ ez)þ 2mey sf ¼ l(eR þ ef þ ey)þ 2mef

sz ¼ l(er þ ey þ ez)þ 2mez sy ¼ l(eR þ ef þ ey)þ 2mey

try ¼ 2mery tRf ¼ 2meRf

tyz ¼ 2meyz tfy ¼ 2mefy

tzr ¼ 2mezr tyR ¼ 2meyR

(4:3:2)

The complete set of elasticity field equations in each of these coordinate systems is given in

Appendix A.

4.4 Thermoelastic Constitutive Relations

It is well known that a temperature change in an unrestrained elastic solid produces deform-

ation. Thus, a general strain field results from both mechanical and thermal effects. Within the

context of linear small deformation theory, the total strain can be decomposed into the sum of

mechanical and thermal components as

TABLE 4-1 Relations Among Elastic Constants

E n k m l

E, n E n
E

3(1� 2n)
E

2(1þ n)

En
(1þ n)(1� 2n)

E,k E
3k � E

6k
k

3kE

9k � E

3k(3k � E)

9k � E

E,m E
E� 2m

2m
mE

3(3m� E)
m

m(E� 2m)

3m� E

E, l E
2l

Eþ lþ R

Eþ 3lþ R

6

E� 3lþ R

4
l

n, k 3k(1� 2n) n k
3k(1� 2n)
2(1þ n)

3kn
1þ n

n,m 2m(1þ n) n
2m(1þ n)
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15 Numerical Finite and Boundary
Element Methods

Reviewing the previous chapters would indicate that analytical solutions to elasticity problems

are normally accomplished for regions and loadings with relatively simple geometry. For

example, many solutions can be developed for two-dimensional problems, while only a limited

number exist for three dimensions. Solutions are commonly available for problems with simple

shapes such as those having boundaries coinciding with Cartesian, cylindrical, and spherical

coordinate surfaces. Unfortunately, however, problems with more general boundary shape and

loading are commonly intractable or require very extensive mathematical analysis and numer-

ical evaluation. Because most real-world problems involve structures with complicated shape

and loading, a gap exists between what is needed in applications and what can be solved by

analytical closed-form methods.

Over the years, this need to determine deformation and stresses in complex problems has

lead to the development of many approximate and numerical solution methods (see brief

discussion in Section 5.7). Approximate methods based on energy techniques were outlined in

Section 6.7, but it was pointed out that these schemes have limited success in developing

solutions for problems of complex shape. Methods of numerical stress analysis normally recast

the mathematical elasticity boundary value problem into a direct numerical routine. One such

early scheme is the finite difference method (FDM) in which derivatives of the governing field

equations are replaced by algebraic difference equations. This method generates a system of

algebraic equations at various computational grid points in the body, and solution to the system

determines the unknown variable at each grid point. Although simple in concept, FDM has not

been able to provide a useful and accurate scheme to handle general problems with geometric

and loading complexity. Over the past few decades, two methods have emerged that provide

necessary accuracy, general applicability, and ease of use. This has lead to their acceptance by

the stress analysis community and has resulted in the development of many private and

commercial computer codes implementing each numerical scheme.

The first of these techniques is known as the finite element method (FEM) and involves

dividing the body under study into a number of pieces or subdomains called elements. The

solution is then approximated over each element and is quantified in terms of values at special

locations within the element called the nodes. The discretization process establishes an

413
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algebraic system of equations for the unknown nodal values, which approximate the continu-

ous solution. Because element size, shape, and approximating scheme can be varied to suit the

problem, the method can accurately simulate solutions to problems of complex geometry and

loading. FEM has thus become a primary tool for practical stress analysis and is also used

extensively in many other fields of engineering and science.

The second numerical scheme, called the boundary element method (BEM), is based on an

integral statement of elasticity (see relation (6.4.7)). This statement may be cast into a form

with unknowns only over the boundary of the domain under study. The boundary integral

equation is then solved using finite element concepts where the boundary is divided into

elements and the solution is approximated over each element using appropriate interpolation

functions. This method again produces an algebraic system of equations to solve for unknown

nodal values that approximate the solution. Similar to FEM techniques, BEM also allows

variation in element size, shape, and approximating scheme to suit the application, and thus the

method can accurately solve a large variety of problems.

Generally, an entire course is required to present sufficient finite and boundary element

theory to prepare properly for their numerical/computational application. Thus, the brief

presentation in this chapter provides only an overview of each method, focusing on narrow

applications for two-dimensional elasticity problems. The primary goal is to establish a basic

level of understanding that will allow a quick look at applications and enable connections to be

made between numerical solutions (simulations) and those developed analytically in the

previous chapters. This brief introduction provides the groundwork for future and more

detailed study in these important areas of computational solid mechanics.

15.1 Basics of the Finite Element Method

Finite element procedures evolved out of matrix methods used by the structural mechanics

community during the 1950s and 1960s. Over the years, extensive research has clearly

established and tested numerous FEM formulations, and the method has spread to applications

in many fields of engineering and science. FEM techniques have been created for discrete and

continuous problems including static and dynamic behavior with both linear and nonlinear

response. The method can be applied to one-, two-, or three-dimensional problems using a

large variety of standard element types. We, however, limit our discussion to only two-

dimensional, linear isotropic elastostatic problems. Numerous texts have been generated that

are devoted exclusively to this subject; for example, Reddy (1993), Bathe (1995), Zienkiewicz

and Taylor (1989), Fung and Tong (2001), and Cook, Malkus, and Plesha (1989).

As mentioned, the method discretizes the domain under study by dividing the region into

subdomains called elements. In order to simplify formulation and application procedures,

elements are normally chosen to be simple geometric shapes, and for two-dimensional

problems these would be polygons including triangles and quadrilaterals. A two-dimensional

example of a rectangular plate with a circular hole divided into triangular elements is shown in

Figure 15-1. Two different meshes (discretizations) of the same problem are illustrated, and

even at this early stage in our discussion, it is apparent that improvement of the representation

is found using the finer mesh with a larger number of smaller elements. Within each element,

an approximate solution is developed, and this is quantified at particular locations called the

nodes. Using a linear approximation, these nodes are located at the vertices of the triangular

element as shown in the figure. Other higher-order approximations (quadratic, cubic, etc.) can

also be used, resulting in additional nodes located in other positions. We present only a finite

element formulation using linear, two-dimensional triangular elements.
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Typical basic steps in a linear, static finite element analysis include the following:

1. Discretize the body into a finite number of element subdomains

2. Develop approximate solution over each element in terms of nodal values

3. Based on system connectivity, assemble elements and apply all continuity and boundary

conditions to develop an algebraic system of equations among nodal values

4. Solve assembled system for nodal values; post process solution to determine additional

variables of interest if necessary

The basic formulation of the method lies in developing the element equation that approxi-

mately represents the elastic behavior of the element. This development is done for the generic

case, thus creating a model applicable to all elements in the mesh. As pointed out in Chapter 6,

energy methods offer schemes to develop approximate solutions to elasticity problems, and

although these schemes were not practical for domains of complex shape, they can be easily

applied over an element domain of simple geometry (i.e., triangle). Therefore, methods of

virtual work leading to a Ritz approximation prove to be very useful in developing element

equations for FEM elasticity applications. Another related scheme to develop the desired

element equation uses a more mathematical approach known as the method of weighted
residuals. This second technique starts with the governing differential equations, and through

appropriate mathematical manipulations, a so-called weak form of the system is developed.

Using a Ritz/Galerkin scheme, an approximate solution to the weak form is constructed, and

this result is identical to the method based on energy and virtual work. Before developing the

(Discretization with 228 Elements)

(Discretization with 912 Elements)

(Triangular Element)

(Node)

FIGURE 15-1 Finite element discretization using triangular elements.

Sadd / Elasticity Final Proof 3.7.2004 2:54pm page 415

Numerical Finite and Boundary Element Methods 415

TLFeBOOK



element equations, we first discuss the necessary procedures to create approximate solutions

over an element in the system.

15.2 Approximating Functions for Two-Dimensional
Linear Triangular Elements

Limiting our discussion to the two-dimensional case with triangular elements, we wish to

investigate procedures necessary to develop a linear approximation of a scalar variable u(x,y)

over an element. Figure 15-2 illustrates a typical triangular element denoted by Oe in the x,y-

plane. Looking for a linear approximation, the variable is represented as

u(x, y) ¼ c1 þ c2xþ c3y (15:2:1)

where ci are constants. It should be kept in mind that in general the solution variable is expected

to have nonlinear behavior over the entire domain and our linear (planar) approximation is only

proposed over the element. We therefore are using a piecewise linear approximation to represent

the general nonlinear solution over the entire body. This approach generally gives sufficient

accuracy if a large number of elements are used to represent the solution field. Other higher-order

approximations including quadratic, cubic, and specialized nonlinear forms can also be used to

improve the accuracy of the representation.

1
2

3

x

 y

Ωe

(Element Geometry)

Ge = G12 + G23 + G31

(x1,y1)

(x2,y2)

(x3,y3)

1

2

3

1

y1

y2
y3

1

2

3

1 1

2

3
1

(Lagrange Interpolation Functions)

FIGURE 15-2 Linear triangular element geometry and interpolation.
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It is normally desired to express the representation (15.2.1) in terms of the nodal values of

the solution variable. This can be accomplished by first evaluating the variable at each of the

three nodes

u(x1, y1) ¼ u1 ¼ c1 þ c2x1 þ c3y1

u(x2, y2) ¼ u2 ¼ c1 þ c2x2 þ c3y2

u(x3, y3) ¼ u3 ¼ c1 þ c2x3 þ c3y3

(15:2:2)

Solving this system of algebraic equations, the constants ci can be expressed in terms of the

nodal values ui, and the general results are given by

c1 ¼
1

2Ae
(a1u1 þ a2u2 þ a3u3)

c2 ¼
1

2Ae
(b1u1 þ b2u2 þ b3u3)

c3 ¼
1

2Ae
(g1u1 þ g2u2 þ g3u3)

(15:2:3)

where Ae is the area of the element, and ai ¼ xjyk � xkyj, bi ¼ yj � yk, gi ¼ xk � xj, where

i 6¼ j 6¼ k and i,j,k permute in natural order. Substituting for ci in (15.2.1) gives

u(x, y) ¼ 1

2Ae
[(a1u1 þ a2u2 þ a3u3)

þ (b1u1 þ b2u2 þ b3u3)x

þ (g1u1 þ g2u2 þ g3u3)y]

¼
X3

i¼1

uici(x, y)

(15:2:4)

where ci are the interpolation functions for the triangular element given by

ci(x, y) ¼ 1

2Ae
(ai þ bixþ giy) (15:2:5)

It is noted that the form of the interpolation functions depends on the initial approximation

assumption and on the shape of the element. Each of the three interpolation functions

represents a planar surface as shown Figure 15-2, and it is observed that they will satisfy the

following conditions:

ci(xj, yj) ¼ dij,
X3

i¼1

ci ¼ 1 (15:2:6)

Functions satisfying such conditions are referred to as Lagrange interpolation functions.

This method of using interpolation functions to represent the approximate solution over an

element quantifies the approximation in terms of nodal values. In this fashion, the continuous

solution over the entire problem domain is represented by discrete values at particular nodal

locations. This discrete representation can be used to determine the solution at other points in
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the region using various other interpolation schemes. With these representation concepts

established, we now pursue a brief development of the plane elasticity element equations

using the virtual work formulation.

15.3 Virtual Work Formulation for Plane Elasticity

The principle of virtual work developed in Section 6.5 can be stated over a finite element

volume Ve with boundary Se as

ð
Ve

sijdeijdV ¼
ð

Se

Tn
i duidSþ

ð
Ve

FiduidV (15:3:1)

For plane elasticity with an element of uniform thickness he, Ve ¼ heOe and Se ¼ heGe, and

the previous relation can be reduced to the two-dimensional form

he

ð
Oe

(sxdex þ sydey þ 2txydexy)dxdy

� he

ð
Ge

(Tn
xduþ Tn

ydv)ds� he

ð
Oe

(Fxduþ Fydv)dxdy ¼ 0

(15:3:2)

Using matrix notation, this relation can be written as

he

ð
Oe

dex

dey

2dexy

8><
>:

9>=
>;

T sx

sy

txy

8><
>:

9>=
>;

0
B@

1
CAdxdy

� he

ð
Ge

du

dv

� �T Tn
x

Tn
y

( ) !
ds� he

ð
Oe

du

dv

� �T Fx

Fy

� � !
dxdy ¼ 0

(15:3:3)

We now proceed to develop an element formulation in terms of the displacements and choose a

linear approximation for each component

u(x, y) ¼
X3

i¼1

uici(x, y)

v(x, y) ¼
X3

i¼1

vici(x, y)

(15:3:4)

where ci(x, y) are the Lagrange interpolation functions given by (15.2.5). Using this scheme

there will be two unknowns or degrees of freedom at each node, resulting in a total of six

degrees of freedom for the linear triangular element. Because the strains are related to

displacement gradients, this interpolation choice results in a constant strain element (CST),

and of course the stresses will also be element-wise constant. Relation (15.3.4) can be

expressed in matrix form:
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u
v

� �
¼ c1 0 c2 0 c3 0

0 c1 0 c2 0 c3

� �
u1

v1

u2

v2

u3

v3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼ [c]{D} (15:3:5)

The strains can then be written as

{e} ¼
ex

ey

2exy

8><
>:

9>=
>; ¼

@=@x 0

0 @=@y

@=@y @=@x

2
64

3
75 u

v

� �

¼
@=@x 0

0 @=@y

@=@y @=@x

2
64

3
75[c]{D} ¼ [B]{D}

(15:3:6)

where

[B] ¼

@c1

@x
0

@c2

@x
0

@c3

@x
0

0
@c1

@y
0

@c2

@y
0

@c3

@y
@c1

@y

@c1

@x

@c2

@y

@c2

@x

@c3

@y

@c3

@x

2
666664

3
777775 ¼

1

2Ae

b1 0 b2 0 b3 0

0 g1 0 g2 0 g3

g1 b1 g2 b2 g3 b3

2
4

3
5

(15:3:7)

Hooke’s law then takes the form

{s} ¼ [C]{e} ¼ [C][B]{D} (15:3:8)

where [C] is the elasticity matrix that can be generalized to the orthotropic case (see Section

11.2) by

[C] ¼
C11 C12 0

C12 C22 0

0 0 C66

2
4

3
5 (15:3:9)

For isotropic materials,

C11 ¼ C22 ¼

E

1� n2
� � � plane stress

E(1� n)
(1þ n)(1� 2n)

� � � plane strain

8>><
>>:

C12 ¼
En

1� n2
� � � plane stress

En
(1þ n)(1� 2n) � � � plane strain

8><
>:

C66 ¼ m ¼ E

2(1þ n)
� � � plane stress and plane strain

(15:3:10)
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Using results (15.3.5), (15.3.6), and (15.3.8) in the virtual work statement (15.3.3) gives

he

ð
Oe

{dD}T([B]T[C][B]){D}dxdy

� he

ð
Oe

{dD}T[c]T
Fx

Fy

� �
dxdy� he

ð
Ge

{dD}T[c]T
Tn

x

Tn
y

( )
ds ¼ 0

(15:3:11)

which can be written in compact form

{dD}T [K]{D}� {F}� {Q}ð Þ ¼ 0 (15:3:12)

Because this relation is to hold for arbitrary variations {dD}T , the expression in parentheses

must vanish, giving the finite element equation

[K]{D} ¼ {F}þ {Q} (15:3:13)

The equation matrices are defined as follows:

[K] ¼ he

ð
Oe

[B]T[C][B]dxdy � � � Stiffness Matrix

{F} ¼ he

ð
Oe

[c]T
Fx

Fy

� �
dxdy � � �Body Force Vector

{Q} ¼ he

ð
Ge

[c]T
Tn

x

Tn
y

( )
ds � � � Loading Vector

(15:3:14)

Using the specific interpolation functions for the constant strain triangular element, the [B]

matrix had constant components given by (15.3.7). If we assume that the elasticity matrix also

does not vary over the element, then the stiffness matrix is given by

[K] ¼ heAe[B]T[C][B] (15:3:15)

and multiplying out the matrices gives the specific form

[K] ¼ he

4Ae

b2
1C11 þ g2

1C66 b1g1C12 þ b1g1C66 b1b2C11 þ g1g2C66 b1g2C12 þ b2g1C66 b1b3C11 þ g1g3C66 b1g3C12 þ b3g1C66

� g2
1C22 þ b2

1C66 b2g1C12 þ b1g2C66 g1g2C22 þ b1b2C66 b3g1C12 þ b1g3C66 g1g3C22 þ b1b3C66

� � b2
2C11 þ g2

2C66 b2g2C12 þ b2g2C66 b2b3C11 þ g2g3C66 b2g3C12 þ b3g2C66

� � � g2
2C22 þ b2

2C66 b3g2C12 þ b2g3C66 g2g3C22 þ b2b3C66

� � � � b2
3C11 þ g2

3C66 b3g3C12 þ b3g3C66

� � � � � g2
3C22 þ b2

3C66

2
6666664

3
7777775

(15:3:16)

Note that the stiffness matrix is always symmetric, and thus only the top-right (or bottom-left)

portion need be explicitly written out. If we also choose body forces that are element-wise

constant, the body force vector {F} can be integrated to give

{F} ¼ heAe

3
{Fx Fy Fx Fy Fx Fy}T (15:3:17)
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The {Q} matrix involves integration of the tractions around the element boundary, and its

evaluation depends on whether an element side falls on the boundary of the domain or is

located in the region’s interior. The evaluation also requires a modeling decision on the

assumed traction variation on the element sides. Most problems can be adequately modeled

using constant, linear, or quadratic variation in the element boundary tractions. For the typical

triangular element shown in Figure 15-2, the {Q} matrix may be written as

{Q} ¼ he

ð
G

[c]T
Tn

x

Tn
y

( )
ds

¼ he

ð
G12

[c]T
Tn

x

Tn
y

( )
dsþ he

ð
G23

[c]T
Tn

x

Tn
y

( )
dsþ he

ð
G31

[c]T
Tn

x

Tn
y

( )
ds

(15:3:18)

Wishing to keep our study brief in theory, we take the simplest case of element-wise constant

boundary tractions, which allows explicit calculation of the boundary integrals. For this case,

the integral over element side G12 is given by

he

ð
G12

[c]T Tn
x

Tn
y

� �
ds ¼ he

ð
G12

c1Tn
x

c1Tn
y

c2Tn
x

c2Tn
y

c3Tn
x

c3Tn
y

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ds ¼ heL12

2

Tn
x

Tn
y

Tn
x

Tn
y

0

0

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

12

(15:3:19)

where L12 is the length of side G12. Note that we have used the fact that along side G12, c1 and

c2 vary linearly and c3 ¼ 0. Following similar analysis, the boundary integrals along sides G23

and G31 are found to be

he

ð
G23

[c]T Tn
x

Tn
y

� �
ds ¼ heL23

2

0

0

Tn
x

Tn
y

Tn
x

Tn
y

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

23

, he

ð
G31

[c]T Tn
x

Tn
y

� �
ds ¼ heL31

2

Tn
x

Tn
y

0

0

Tn
x

Tn
y

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

31

(15:3:20)

It should be noted that for element sides that lie in the region’s interior, values of the boundary

tractions will not be known before the solution is found, and thus the previous relations

cannot be used to evaluate the contributions of the {Q} matrix explicitly. However, for this

situation, the stresses and tractions are in internal equilibrium, and thus the integrated result

from one element will cancel that from the opposite adjacent element when the finite element

system is assembled. For element sides that coincide with the region’s boundary, any applied

boundary tractions are then incorporated into the results given by relations (15.3.19) and

(15.3.20). Our simplifications of choosing element-wise constant values for the elastic moduli,

body forces, and tractions were made only for convenience of the current abbreviated presen-

tation. Normally, FEM modeling allows considerably more generality in these choices and

integrals in the basic element equation (15.3.14) are then evaluated numerically for such

applications.
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15.4 FEM Problem Application

Applications using the linear triangular element discretize the domain into a connected set of

such elements; see, for example, Figure 15-1. The mesh geometry establishes which elements

are interconnected and identifies those on the boundary of the domain. Using computer

implementation, each element in the mesh is mapped or transformed onto a master element

in a local coordinate system where all calculations are done. The overall problem is then

modeled by assembling the entire set of elements through a process of invoking equilibrium at

each node in the mesh. This procedure creates a global assembled matrix system equation of

similar form as (15.3.13). Boundary conditions are then incorporated into this global system to

reduce the problem to a solvable set of algebraic equations for the unknown nodal displace-

ments. We do not pursue the theoretical and operational details in these procedures, but rather

focus attention on a particular example to illustrate some of the key steps in the process.

EXAMPLE 15-1: Elastic Plate Under Uniform Tension

Consider the plane stress problem of an isotropic elastic plate under uniform tension

with zero body forces as shown in Figure 15-3. For convenience, the plate is taken with

unit dimensions and thickness and is discretized into two triangular elements as shown.

This simple problem is chosen in order to demonstrate some of the basic FEM solution

procedures previously presented. More complex examples are discussed in the next

section to illustrate the general power and utility of the numerical technique.

The element mesh is labeled as shown with local node numbers within each element

and global node numbers (1–4) for the entire problem. We start by developing the

equation for each element and then assemble the two elements to model the entire plate.

For element 1, the geometric parameters are b1 ¼ �1, b2 ¼ 1, b3 ¼ 0, g1 ¼ 0, g2 ¼
�1, g3 ¼ 1, and A1 ¼ 1=2. For the isotropic plane stress case, the element equation

follows from our previous work:

T

3

21

y

x

4

3
3

2

2

1
1

1

2

FIGURE 15-3 FEM analysis of elastic plate under uniform tension.
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EXAMPLE 15-1: Elastic Plate Under Uniform Tension–Cont’d

E

2(1� v2)

1 0 �1 v 0 �v

� 1� v

2

1� v

2
� 1� v

2
� 1� v

2
0

� � 3� v

2
� 1þ v

2
� 1� v

2
v

� � � 3� v

2

1� v

2
�1

� � � � 1� v

2
0

� � � � � 1

2
666666666664

3
777777777775

u(1)
1

v(1)
1

u(1)
2

v(1)
2

u(1)
3

v(1)
3

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
¼

T(1)
1x

T(1)
1y

T(1)
2x

T(1)
2y

T(1)
3x

T(1)
3y

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

(15:4:1)

In similar fashion for element 2, b1 ¼ 0, b2 ¼ 1, b3 ¼ �1, g1 ¼ �1, g2 ¼ 0, g3 ¼
1, A1 ¼ 1=2, and the element equation becomes

E

2(1� v2)

1� v

2
0 0 �1� v

2
�1� v

2

1� v

2
� 1 �v 0 v �1

� � 1 0 �1 v

� � � 1� v

2

1� v

2
�1� v

2

� � � � 3� v

2
�1� v

2

� � � � � 3� v

2

2
666666666664

3
777777777775

u(2)
1

v(2)
1

u(2)
2

v(2)
2

u(2)
3

v(2)
3

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
¼

T(2)
1x

T(2)
1y

T(2)
2x

T(2)
2y

T(2)
3x

T(2)
3y

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

(15:4:2)

These individual element equations are to be assembled to model the plate, and this is

carried out using the global node numbering format by enforcing x and y equilibrium at

each node. The final result is given by the assembled global system

K(1)
11 þK(2)

11 K(1)
12 þK(2)

12 K(1)
13 K(1)

14 K(1)
15 þK(2)

13 K(1)
16 þK(2)

14 K(1)
15 K(1)

16

� K(1)
22 þK(2)

22 K(1)
23 K(1)

24 K(1)
25 þK(2)

23 K(1)
26 þK(2)

24 K(1)
25 K(1)

26

� � K(1)
33 K(1)

34 K(1)
35 K(1)

36 0 0

� � � K(1)
44 K(1)

45 K(1)
46 0 0

� � � � K(1)
55 þK(2)

33 K(1)
56 þK(2)

34 K(2)
35 K(2)

36

� � � � � K(1)
66 þK(2)

44 K(2)
45 K(2)

46

� � � � � � K(2)
55 K(2)

56

� � � � � � � K(2)
66

2
6666666666666664

3
7777777777777775

U1

V1

U2

V2

U3

V3

U4

V4

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

¼

T(1)
1x þ T(2)

1x

T(1)
1y þ T(2)

1y

T(1)
2x

T(1)
2y

T(1)
3x þ T(2)

2x

T(1)
3y þ T(2)

2y

T(2)
3x

T(2)
3y

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

(15:4:3)

Continued
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EXAMPLE 15-1: Elastic Plate Under Uniform Tension–Cont’d

where Ui and Vi are the global x and y nodal displacements, and K(1)
ij and K(2)

ij are the local

stiffness components for elements 1 and 2 as given in relations (15.4.1) and (15.4.2).

The next step is to use the problem boundary conditions to reduce this global system.

Because the plate is fixed along its left edge, U1 ¼ V1 ¼ U4 ¼ V4 ¼ 0. Using the

scheme presented in equations (15.3.18) through (15.3.20), the tractions on the

right edge are modeled by choosing T(1)
2x ¼ T=2, T(1)

2y ¼ 0, T(1)
3x þ T(2)

2x ¼ T=2, T(1)
3y þ

T(2)
2y ¼ 0. These conditions reduce the global system to

K(1)
33 K(1)

34 K(1)
35 K(1)

36

� K(1)
44 K(1)

45 K(1)
46

� � K(1)
55 þ K(2)

33 K(1)
56 þ K(2)

34

� � � K(1)
66 þ K(2)

44

2
6664

3
7775

U2

V2

U3

V3

8>><
>>:

9>>=
>>; ¼

T=2

0

T=2

0

8>><
>>:

9>>=
>>; (15:4:4)

This result can be then be solved for the nodal unknowns, and for the case of material

with properties E ¼ 207 GPa and v ¼ 0:25, the solution is found to be

U2

V2

U3

V3

8>><
>>:

9>>=
>>; ¼

0:492

0:081

0:441

�0:030

8>><
>>:

9>>=
>>;T � 10�11m (15:4:4)

Note that the FEM displacements are not symmetric as expected from analytical theory.

This is caused by the fact that our simple two-element discretization eliminated the

symmetry in the original problem. If another symmetric mesh were used, the displace-

ments at nodes 2 and 3 would then be symmetric. As a postprocessing step, the forces at

nodes 1 and 4 could now be computed by back-substituting solution (15.4.4) into the

general equation (15.4.3). Many of the basic steps in an FEM solution are demonstrated

in this hand-calculation example. However, the importance of the numerical method lies

in its computer implementation, and examples of this are now discussed.

15.5 FEM Code Applications

The power and utility of the finite element method lies in the use of computer codes that implement

the numerical method for problems of general shape and loading. A very large number of both

private and commercial FEM computer codes have been developed over the past few decades.

Many of these codes (e.g., ABAQUS, ANSYS, ALGOR, NASTRAN, ADINA) offer very

extensive element libraries and can handle linear and nonlinear problems under either static or

dynamic conditions. However, the use of such general codes requires considerable study and

practice and would not suit the needs of this chapter. Therefore, rather than attempting to use a

general code, we follow our numerical theme of employing MATLAB software, which offers a

simple FEM package appropriate for our limited needs. The MATLAB code is called the PDE
Toolbox and is one of the many toolboxes distributed with the basic software. This software

package provides an FEM code that can solve two-dimensional elasticity problems using linear

triangular elements. Additional problems governed by other partial differential equations can also

be handled, and this allows the software to also be used for the torsion problem. The PDE Toolbox
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